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This ar t ic le  proposes  an approximate solution to the inverse problem of the Stefan type for 
a finite region with a r b i t r a r y  boundary and initial conditions. A comparison with exact solu- 
t ions is made. 

The inverse problem of thermal  conductivity for a region with a movable boundary consis ts  in finding 
the law governing the motion of the boundary of a melting solid s(v) and of the heat fluxes ql(~-) and q2(T) on 
the basis of a known change in the t empera tu re  at two external points, x 1 and ~z, of the slab, tl(x , ~-) and 
t2(x, ~-). We shall assume that these t empera tu res  are measured experimental ly  without sys temat ic  e r r o r s .  
There is no general  method for  solving problems of this type. Work is known [1, 2] i n  which the inverse 
problem of thermal  conductivity is solved with a given law of motion of the phase interface.  In pract ice ,  
we are  forced to face the necess i ty  of solving the inverse problem of thermal  conductivity with an unknown 
law of motion of the interface.  

In the present  ar t icle  an inverse problem of the Stefan type is solved for a finite region with a rb i t r a ry  
boundary and initial conditions using the method of successive intervals [3]. The t empera tu re  t(x, 7) at any 
a rb i t r a ry  point of the slab satisfies the equation of thermal  conductivity 

O~t(x. ~) I or(z, ~) 
Ox 2 a OV 

(0 < x < s (T)) (1) 

with the boundary conditions 

Ot (s, ~)/Ox = ql (~) + p L ds/d~ (2) 

)~ Ot (0, ~)/Ox = q2 (g) (3) 

t (s, ":) = T (4)  

8 (.~.,) = R (5)  

Here I and a are  the coefficients of the rmal  conductivity and thermal  diffusivity of the substance 
of the slab; p is its density; T is the melting t empera tu re  ; L is the specific heat of fusion or  the effective 
heat of fusion, taking account also of the heat of the chemical  react ions,  taking place at a constant t e m p e r a -  
ture  T; R is the original thickness of the slab; ql(~-) and q2(7) are  the heat fluxes at the boundaries of the 
region x=s(T) and x=0,  respect ively.  It is assumed that the melt is removed instantaneously by mechani-  
cal action. 

If the initial distribution of the t empera tu re  is approximated by a polynomial of the fourth o rder  

t (x,O) = q) (x) = A + Bx /R  + C (x/R) 2 + D (x/R) 3 Jr E (x/R) 4 (6) 

the solution of the d i rec t  problem (1)-(6) can be represen ted  in the form [3] 

t(x,  o))= t(x,  O)+ B F ( - ~ - ,  co) - - (B + 2C + 3D + 4 E ) F ( ~ ,  o))+ 
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+ 6D@ (+,  o)--(6D + 24E)qi (-~-~--~, 0))-~ t2Eo '  @. (2C g= 6D - - ~ +  i2E  + ) o  4- 

~/ N 

~ -  -"~'-" / I  ( t - /1 , i+l  - - ,  " F Z CO - -  L~=~ ~ R ~=o ' 

(0=--R-~, A o = ~ ,  NAo~<o~<(N-Ft)A~0 

w h e r e  qi ,  i + t and q~f, i+1 are  the v a l u e s  o f  the q u a s i - c o n s t a n t  r e a l  and f i c t i t i ous  heat  f l u x e s  for  the (i + 1) - th  

in terval  of t ime ,  with s t epwise  approx imat ion  of the heat  f luxes  [3]; the functions F(y,  w) and O(y, w) were  
found in [3] and have  the form 

(y, ~) = ~ V~, ~:o2 { i ~  ~ 2 - - ~ t  + / 2 ~  + ,~ I . ,~,o " Lr 2 (~.2. +V~ ~) --~ ]} is) 

(I) (y, (o) = 80) V ~  ~ ~ 0  t (iaerfc I2k + y  ~ ~- i%rfc [.2 (k_~+ i ) - - y  11 L 2 V ~  

hF (y, n h o )  = F (y, hA0)) - -  F [y, (n --  1) h0)] 
(9) 

Solving a s y s t e m  of two equat ions  of the type of (7) for x = x  1 and x =x  2 with r e s p e c t  to Q1, N + I  and 
q2, N +  1, we obtain 

N--1  

{[+ ,. ( - =,  Q,,.~+I=][DI[ -x ht+(x~, (N+t)ho)-- ~ QI,~+IAF I --ff - -  

i=O 
N- - I  

--i>Ao))+ ~)q,,I+,AF(+,<N~-i--0ho)]hF(~,hc0 ) -  
N--1  

--[+At,(x2,(g~i- '-- ' )A(~ - 2 QI,~=~IAF('--+,(N'~'--i)  AO)) + 
N--I 

~- ~) q,,i+,AF(+, (N-/-I--i) Ao)AF(~, Am)} (10) 

N-- I  

q~,N+I=I]DII-'{[+At+(xD ( N + I )  A(o)-- 2 QI,~+I • 

N--1  

x[AF t - - - R - , ( N - / - t - - i ) A o  + ~ q~,i+lAF W '  
i=0 

xAF t - - -  R- 
N - - 1  

i=ql 
N- -1  

+Y,q~,~+v~F ~ , ( N + I - - 0 ~  AF l---ff,(N+l--0~+ (ii) 

Xl X2 X2 __~ 

Atr (o) = t(x, (o)--t(x, O)-- BF ( -~ ,  (o) -t- 

+ (B -~ 2C ~- 3D ~- 4E) F i - -  - i f ,  co --  6DCI) -~- ,  o -~- 

+ (6D + 24E) (I) i - -  --if, o) - -  i2Eo) ~ - -  (2C ~- 6DxR -i ~- 12Ex~t1-2) o) 

If the surface  x = 0  is  hea t - insu la ted  [ q 2 ( 7 ) -  0], the e x p r e s s i o n  for QI(7)  Is s impl i f ied:  

N--1  

(i2) 

(13) 
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R e l a t i o n s h i p s  (10), (11) p e r m i t  d e t e r m i n i n g  the  unknown heat  f lux q2(co) f rom v a l u e s  of q2,N+ 1 c o r r e -  
spond ing to  the  m e a n  point  of  the  i n t e r v a l  [NAw, ( N = I )  A co], i .e . ,  the  point  (N + 1 / 2 ) A  co. 

To d e t e r m i n e  the  law of change in the  b o u n d a r y  of the me l t ing  solid,  in r e l a t i o n s h i p  (7) we s e t  x =R �9 
( 1 -  ~N+I ) ,  w h e r e  1 - s  ( co ) /R=  ~ (co) is  the  r e l a t i v e  depth  of the mel t ing .  Tak ing  account  of condi t ion (4), 
we obta in  

A -? B (i - -  ~N+I) + c (i - ~N+I) ~ -k D (t - -  ~N+~) a + E (l - -  ~s+l) ~ -k 
-k 2C (N -k t) A~) + 6D (N -}- 1) A~) (i - -  ~N+I) -4-' 12E (N + i) A~ (i - -  ~+1) ~= 

= T - -  B F  [i - -  ~N+x' (N + l) A~] ,4- (B + 2C + 3D -k 4E) • 
• F [~N+x' (N + i) A~o] - -  6DCD [i - -  ~N+x' (N + i) A(o] -k 

-k (6D + 24E) �9 [~+1, (N  -~- i) A'~l - -  12E (N ,/- i) ~ A ~  - -  
N N 

R 
i) A~]} 

- -  i = 0  ' " - -  - -  
(14) 

R e m o v i n g  the  b r a c k e t s  on the r i g h t - h a n d  s ide  of Eq.  (14), r e p l a c i n g  the  t e r m s  ~ + ~  and ~ N + I  by  

~ + I ~ N  and ~ +  I~N 2 and the  a r g u m e n t s  ~ N + I  in the  func t ions  F, A F ,  and ~ on the  1ef t -hand side of  (14) 
by  ~N, we  obta in  a q u a d r a t i c  equat ion  fo r  ~N+~ : 

[C -k 3D q- 6E -~- 12E (N ~ 1) A~) - -  D~N --  4E~N --k E~}] ~+~ --  

- -  [B ~.- 2C 4- 3D -k 4E + 6 (N + 1) Ao) -k 24E (N + t) Am] ~Nq-1 - -  

- -  {T - -  (A + B + C -? D + E) - -  (2C -? 6 D +  t2E) (N -~- 1) A(~) - -  
- -  t 2 E  (N + 1) 2 Aco ~ - -  BF [t - -  ~N, (N -t- t) Ao)] + (B + 2C + 3D + 4E) • 

X F [~v, (N + t) A~o] - -  6DF[I  - -  ~N' (N + i) h~,)]~ q - 
N 

-4- (6D + 24E) r [~:,,,_ (N + t) A~o] --  --2-R ~ Qt,~+~AF [~N, (N + 1 --  i) A~ol "4- 

N 

R i ~  o 
+ - 2 - =  q2,~+~AF [I --  ~N' ( N + t -  i) hco)l),.=0 

The  hea t  f lux ql(c~ is  d e t e r m i n e d  u s ing  the  Stefan condi t ion (2): 

Ot aL d~ Ot ;~L d~ 
q~(o)) = ~.~F + o--h- ~ = ~g~-x 4- ' CR do) 

x = R ( i  - -  ~) ( ~ 5 )  

Dif fe ren t i a t i ng  e x p r e s s i o n  (7) with r e s p e c t  to  x, then subs t i tu t ing  x = R ( 1 - ~ )  and r e p l a c i n g  the d e r i v a -  
t ive  d~/dco by the f ini te  d i f f e r ence  (~N+I-~N)/ACO , we obta in  f r o m  (15) 

�9 7;L ~N+~-- ~N -b ~--  {B + 2C (1 - -  ~N+I) + 3D (l - -  ~N+I) 2 ql,N-t-i = cR Ao) 
+ 4E( t  - -  ~N+I) a - -  Bff [t - -  ~ N + I '  ( N  - ~  l )  Aft)] - -  (B + 2C + 3D + 4E) x 

• ~ [~U+l, (N + t) Aco] - -  6D0, [1 - -  ~u+x, (N + 1) Aco] - -  
- -  (6D § 24E) ~1 [~N+I, (N + i) A~] + 6D (N + t) A~o + 

N 

+ 24E (N + i) Aco (t - -  ~N+I)} + ~ Qa,li+l h~  [~N+I' (N + t - -  0 A~~ + 

N 

c~ 

~,(y, co)=4o) ~=0= {izercf ~212k [ 2(k:+[ 2 V%-t)--Y ]} 

c~ 

To eva lua te  the  a c c u r a c y  of the  me thod  se t  fo r th  above,  we  give a n u m e r i c a l  e x a m p l e  fo r  which  exac t  
so lu t ions  a r e  a l so  known. 

The  exac t  p a r t i a l  so lu t ion  of the  S a n d e r s  equa t ion  [4] has  the  f o r m  

r (co) = o 
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t (x, (~) = T (x~R -` -V 20)) (17) 

(co) = t - -  V t - 2 ~  (18) 

Z r ( L  1 ) 
q, (r = --if- ~ 1 / 'U~ '~  + 2 V~{--'~"~ (19) 

In this  case ,  the init ial  d i s t r ibu t ion  of  the t e m p e r a t u r e  is equal  to 

t (x, 0) = Tx2R -2 

i.e., A=B=D=E=O, C=T. 

On the basis of values of the temperature measured at the point x I =0.9 R, we can establish the law 
of motion of the boundary (18) and the heat flux (19). In this case, in accordance with (12) 

A G (xi, r = 2TF (0A; r 

Calculation of QI, N+I using (13) at x =s =R (1-  ~) gives QI,N+I =2 X T/R, and from (14) we obtain 
an equat ion fo r  ~ (w): 

N 

[l - -  ~ (~o)1~ § 20) = 1 + 2F [[ @), ~o1 --  2 ~ AF [~ (co), (N -4- i - -  i) a~] (20) 
i=0 

By the  defini t ion of  A F 

N N+I 

AF [~ (~o), (N-~- 1 - -  i) h.~l -- ~, AF[~ (~), ka~] _ F [[(~), ~1 (21) 
i=O k~l 

F r o m  (20) we obtain  the equat ion 

[2 (~)) _ 2 [  (co) S- 20) --- 0 

whose  solut ion is ~(w) = 1 -  4-i":-2 w, which co inc ides  with (18). F r o m  (16) we find an e x p r e s s i o n  fo r  the 
heat  f lux 

)~L dK 2~T 2~T 
qi ((o) = c/~ d~) + ~ [t - -  ~ ((o)] --  ~ # [E (~o), (o] + 

N 
+2~r  - - ~  ~, A~ [~ (r (N + t - -  i) Ao~l 

T r a n s f o r m i n g  the s u m  in the  las t  t e r m ,  s i m i l a r l y  to  (21) we obtain 

~L de 25T [t--~(O))] ~T [ L l ) 
q~ (~0) - -  c a  d~ 4- - - ~  = --if- \ - ~  lr ~ + 2 I f t  - - - - - Z ~  

which co inc ides  with (19). In th i s  case  the inve r se  p r o b l e m  is c o n s i d e r a b l y  s impl i f ied  due to the cons tant  
na tu re  of  Q1,N+I,  which made  it poss ib le  to  c a r r y  out a s u m m a t i o n  us ing  (21). 

Ano the r  exac t  solut ion of the Sanders  equat ion [4] has  the f o r m  

[(o)) = t - -  ] / i  - -  3.41612o)" (22) 

t ( x , o ) ) = T  i - - ~ f l - - 3 . 4 1 6 1 2 ~  zFz 2 ;  2 '  ~ ~  (23) 

where  IF1 (~ ;  fi; z) is a degene ra t e  h y p e r g e o m e t r i c  function. 
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F r o m  condition (2) we obtain an expres s ion  for  the heat  flux 

q~ (03) = ---if- 2.34909 -~ 
t.70806 L ) 

V I - -  3.41612o) c-T 

or ,  set t ing L / c T  = i 0 / 3  (as in the n u m e r i c a l  example  of Sanders) 

Z T (  5 . 6 9 3 5 3 )  
ql (~) - - - - ' 7  2.34909 § V 1 - - - ~ t 2 ~  (24) 

In this  case  the initial  dis tr ibution has the f o r m  

x~ (0.85403) 3 x ~ l t (x, 0) = T 0.85403 R--- ~- ~ 6 /~" ~- " '" 

and, consequently,  

4 = B = D = 0, C = 0.85403T, E = 0.t2156T 

K as  s t a r t ing  informat ion we take the t e m p e r a t u r e s  (23) a r i s ing  at the point x 1 =0.9R, then, using fo r -  
mulas  (14) and (16) we can find the depth of mel t ing  ~(w) and ql(c0). F igures  1 and 2 give the r e su l t s  of a 
solution of the inverse  p r o b l e m  withz~ ~0 =0.005. The solid l ines  show exact  solutions of (22) for  ~ (w) and 
of (24) for  ql (col The dotted lines show the functions ~ and ql, obtained f r o m  (14) and (16), r e spec t ive ly .  
Values of ~ obtained by a shift  of the a rgument  by Aw/2 are  plotted on Fig,  1 by the sma l l  c i r c l e s .  

It can be seen  f r o m  Fig. I that  the law for  the shift  of the boundary  was c o r r e c t l y  es tabl ished.  A 
s y s t e m a t i c  shift of the curve  by approx ima te ly  0 .5-0.75Aw is observed.  This  shift  is due to the insufficient 
a c c u r a c y  of the i tera t ion p r o c e s s  [the r ep l acemen t  of ~N+l  by ~N in the r ight -hand side of(14)]. Some i m -  
p rovemen t  of the i terat ion p r o c e s s  can be obtained by compar ing  the exact  value of ~N+l  not with the ~N+l  
approximat ion  but with 0.5 (~ N + t + ~ N). 

By a combinat ion of the method of success ive  in te rva l s  and a continuation of solutions into the region 
of constant  d imensions ,  it has been found poss ib le  to so lve  a p rob l em of the Stefan type for  an a r b i t r a r y  
initial  dis tr ibution and va r i ab l e  boundary conditions of the second kind. A ~e fan  p rob l em with va r i ab le  
boundary conditions of the f i r s t  kind can be solved analogously.  

A solution of the type of (13) is a solution for  the so -ca l l ed  i nco r r ec t ly  s ta ted problem.  It is stable 
for  posi t ions  of the boundary  s(w) sa t is fying the condition 

sx2/2R 2 ~ A0) (25) 

In the case  of the p re sence  of two fluxes Q1,N+I and q2,N+i, the a lgor i thm for  the calculat ion is 
s table with 

Ar = min{ (R --  x)~/2R 2, x2/2R 2} (26) 

Fo r  the deepes t  points,  when the se lec ted  in terva l  Ac0 does not sa t i s fy  condition (26), the f luxes Ql,i+l 
and qz, i + l  can be de te rmined  using the a lgor i thm of E. M. Sparrow [5, 6] or  the a lgor i thm of A. N. 
Tikhonov [7, 8]. 
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